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Parallel Computing of an Integral Formulation
of Transient Radiation Transport

X. Lu¤ and P.-f. Hsu†

Florida Institute of Technology, Melbourne, Florida 32901

Parallel computing of the transient radiative transfer process in participating media is studied with an integral
equation model. Two numerical quadratures are used: the discrete rectangular volume (DRV) method and YIX
method. The parallel versions of both methods are developed for one-dimensional and three-dimensional geome-
tries, respectively. Both quadratures achieve good speedup in parallel performance. Because the integral equation
model uses very small amount of memory, the parallel computing can take advantage of having each processor
store the full spatial domain information without using the typical domain decomposition parallelism, which will
be necessary in other solution methods, for example, discrete ordinates and � nite volume methods, for large-scale
simulations. The parallel computation is conducted by assigning a different portion of the quadrature to different
compute node. In DRV method a variation of the spatial domain decomposition is used. In the case of YIX scheme,
the angularquadrature is divided up according to the number of compute nodes. These parallel schemes minimize
the communications overhead. Two new discrete ordinate sets are used in the YIX angular quadrature, and their
parallel performances are discussed. One of the discrete ordinates sets, called a spherical ring set, is also suitable
for use in the conventional discrete ordinates method.

Nomenclature
A = area
a = absorption coef� cient
c = propagation speed of radiation transport

in the medium
F = unknown functions
G = incident radiation, integrated intensity, or � uence rate
I = radiation intensity
I0 = radiation intensity at boundary z D 0
K = kernel functions
k = unit vector in the z direction
M = number of volume or surface element for integration;

number of angular directions in a hemisphere
m = index of angular direction
N = number of angular quadrature point

or angular direction
n = inward unit normal vector of boundary surface
q = radiative � ux
r = radial coordinate
r = position vector of a location (x, y, z/ in space
s = geometric path length
s = unit vector along a given direction
t = time
V = volume of the medium
W = weight of discrete ordinate or angular quadrature
x; y; z = rectangular coordinates
° = unit vector along the line of sight
µ = polar angle
· = extinction coef� cient, · D a C ¾
»; ´; ³ = direction cosines
¾ = scattering coef� cient
¿ = optical thickness of the medium, ·zo

8 = scattering phase function
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’ = azimuthal or circumferential angle
Ä = solid angle
! = scattering albedo

Subscripts

i; j = angular direction index
o = side length in coordinate direction
s = spherical ring surface
v = quantity at the volume element
w = quantity at the surface; wall clock time or total

execution time

Superscript

0 = dummy variables

Introduction

T RANSIENT radiative transferwithin the participatingmedium
has gained attention because of its applications in emerging

new technologies, for example, optical tomography and remote
sensing. In such situations the variation of radiative intensity within
the lengthscale of the radiativetransportper unit time is comparable
to the variationover the length scale of the medium, or the timescale
of the internal or externaldisturbanceto the radiative� eld is compa-
rable to the time scale of the radiation transport within the medium.
Such situation occurs when an ultrashort light pulse, with tempo-
ral pulse width as short as several femtoseconds or less, propagates
in a scattering and absorbing medium. Therefore, the transient ef-
fect of radiative transfer must be considered. The transient term of
the radiative transfer equation (RTE) has to be retained to correctly
simulate such processes.

Many practical problems have multidimensional geometry with
nonhomogeneous radiative property distribution and possibly the
radiation transport being coupled with other physical processes.
It is essential to develop transient radiation models that can treat
these situations realistically. Such models require signi� cant com-
putational resources.The parallel computing based on the Beowulf
concept1 has advancedto the stage that allows the high-performance
simulations to be carried out at relatively low cost in comparison
with the conventionalsupercomputeror proprietarymassiveparallel
systems. This is possible because of the high-speed network, open
source software, and the commodity nature of personal-computer
componentsthat are used in theBeowulf clustersystems.The cluster
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can scale up to large number of processors without users changing
their codes. The utilization of Beowulf cluster in solving transient
radiation problems is very advantageous, as demonstrated in this
study. However, the selection of computational algorithm that is
suitable for parallel computing needs careful consideration. Some
algorithms can lend to good speedup at a few dozen processors but
quickly reach the speedup limit when processor number is further
increased. It is therefore important to examine algorithms that can
achieve good speedup not only at small number of processors, but
also at several hundreds, even thousands of processors.

So far, several numerical models for transient radiation process
havebeendeveloped.Each model providesa differentdegreeof suc-
cess and computational requirement.2 As compared with the time-
independentradiation transport process, the computationalrequire-
ment of a transient model is far greater in terms of execution time
and memory usage. The computationalalgorithm is also a bit more
complicated because of the hyperbolic wave equation in conjunc-
tion with the scattering term. In the case of the integral formulations
of the transportequation,the appropriatedomain of in� uence (DOI)
has to be considered.2;3 For integro-differentialformulations the ra-
diation wave front has to be preserved and resolvedwith high-order
difference schemes to avoid dispersion and diffusion errors.4;5

Our recent analytical studies produced accurate solutions with
three different models: discrete ordinates, Monte Carlo, and inte-
gral equationmethods.2;3;6;7 The results indicated that the scattering
phase function has a much stronger in� uence in the transient radia-
tive transportthan thatin the steady-stateprocess,evenat avery large
optical thickness (on the order of 100). The anisotropic scattering
effect is most evident in the short time re� ectance and transmittance
signals. The long time signals of different phase function are less
distinguishablefrom one another if the medium optical thickness is
large and all other conditions remain the same. Therefore, models
that work well in steady-state optically thick media might not do
so in the transient analysis. This will require different and careful
consideration in the modeling effort.

Parallelization of Monte Carlo radiative transfer codes is
straightforward.7 Each compute node can perform independently
random sampling, and the results from all nodes are then tallied at
a designated node. Nearly linear speedup has been achieved.7;8 On
the other hand, the parallelization strategy for deterministic mod-
els of the transport equation is far more complex. In a distributed
memory system, for example, the Beowulf clusterused in this study,
two differentdecompositionapproachesor parallelizationstrategies
have been used: spatial domain decomposition (SDD) and angular
quadrature decomposition (AQD). As the radiative transport is a
volumetric process, that is, the effect of one point will propagate
to all of the points within the physical boundary, it is found that
in the spatial domain decomposition the communication overhead
between compute nodes is signi� cant.9¡11 These results were based
on the steady-state analysis. In fact, because the communications
are pairwise (all computing nodes to all computing nodes) the com-
munication time can scale proportional to the square of the num-
ber of processors. High communication overhead corresponds to
a decrease in parallel ef� ciency. The total iteration number of the
SDD scheme increases with the number of processors, and parallel
ef� ciency is drastically reduced. This was observed in the earlier
studies.9;11¡13 However, spatial decomposition is necessary if the
radiation transport is coupled with a diffusive or convective pro-
cess and for the reasons discussed next when AQD cannot be used
alone.

Angular quadrature decomposition can achieve good parallel ef-
� ciency in steady-stateanalysisbecause less communicationoccurs
among computing nodes. This has been reported on differentparal-
lel system architectures and with the integro-differentialmodels of
discrete ordinates, � nite volume, and discrete transfer methods.9¡14

This type of parallelization will be possible only if the individual
computing node memory can accommodate the whole spatial grids.
In many large-scale problems grid size can reach O.108/, and the
number of variables on each grid (depends on the Sn discrete ordi-
nates set or angular directionnumber) can be in O.102/. In addition,
the number of angular ordinates direction has to be greater than the

number of processors. This might not be the case for a massive
parallel system, where processor count can reach O.104/ or higher
and the conventional Sn directions can at most be in O.102/. For
these two reasons the AQD scheme is not practical in large-scale
radiation transport simulationswith the existing integro-differential
models. A parallelizationscheme of combining AQD and SDD re-
ported to have good parallel ef� ciency was developed by Burns.9

Although scattering was not considered, the scheme appears to be
very promising for integral-differentialmodels.

Saltier and Naraghi15 used a proprietary massive parallel sys-
tem [Connection Machine, CM-2 with 16384 (D 214/ processors]
to study the parallel performance of the discrete exchange factor
method. The method is directly applied using the Fortran-90 array
processingstatement.Each computer chip has very small amount of
memory and relatively slow and simple 1-bit CPU. Sixteen proces-
sors were grouped into a chip. The communication between chips
was linkedby thehyper-cubestructure.The detailsof theparalleliza-
tion were not given, and the speedup and parallel ef� ciency were
not available.The computationaltime was about linearlydependent
on the spatial grid size. This indicates good parallel performance.
Nevertheless, it is dif� cult to compare with the parallelizations al-
ready discussed, and it is also unclear whether the approach can
be applied to the Beowulf cluster because of the architecture and
software differences from CM-2. The uni� ed matrix approach re-
quires a large amount of memory, much larger than the integral
formulation, but still smaller than those of the integro-differential
formulations.

Most prior parallelizationefforts are basedon integro-differential
treatment of the steady-state radiative transport equation. Little is
known about theparallelperformanceof the integralequationmodel
and of the transient RTE. To the authors’ knowledge, none exists
for the integral formulation of transient radiation transport. It is
therefore unclear that integral formulations of radiation transport
are viable option in the high-performance,parallel computing envi-
ronment. An integral equation formulation for obtaining the higher
moments of radiative intensity, for example, incident radiation and
radiative heat � ux, that can greatly reduce the memory requirement
and allow the use of AQD parallelizationin large-scale simulations
will be verydesirable.This studyexaminedthe parallelperformance
of an integralformulationdevelopedby the authorsusing two differ-
ent numerical quadratures: the discrete rectangular volume (DRV)
methodand the YIX method.In the lattermethod the performanceof
AQD on two different angular quadrature sets, that is, the symmet-
ric slice (SS) and asymmetric spherical ring (ASR) sets, were com-
pared. Both angular quadrature sets can generate arbitrarily large
number of directions,which is needed when ray effects exist and al-
low AQD parallelism in massive parallel systems. The asymmetric
angular quadrature set can also be used in the conventionaldiscrete
ordinate method.

As the medium optical thicknessincreases,the radiative transport
becomes diffusive in the steady-state process. In such a situation
the long-rangepairwise communication is less important to achieve
solution convergence. It was reported that at large optical thick-
ness the parallel ef� ciency improved for SDD in the steady-state
simulation.10;11 The reason is that the local emission term becomes
dominant as optical thickness increase. The cross grid boundary
terms, on the other hand, become less important. The result is that
less iteration across the spatial domain is needed to achieve con-
vergence. This indicates SDD parallelism can perform well in the
steady-state,optically thick media problem. However, in the case of
transient transport simulation, the SDD will not perform well even
with optically thick media. It is well known that the behavior of the
light pulse propagation within a highly scattering, optically dense
medium is not diffusive in the initial transient.16;17 Only at a large
time, long after the pulse leaves the medium, the incoherent,multi-
ply scatteredphotons remain, and their behaviorbecomes diffusive.
It is therefore important to recognize the physical differences be-
tween the steady and transientprocesses.As pointed out earlier, not
only the considerationof numericalmodel for treat transientprocess
is different,but also the parallelizationstrategy is different from the
steady-state process.
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Integral Form of the Transient Radiative
Transfer Equation

The transient radiative transfer equation in an absorbing, none-
mitting, and scatteringmedium in direction s (Fig. 1) can be written
as18

dI .r; s; t/

ds
D DI .r; s; t/

c Dt
D ¡·.r/I .r; s; t/

C ¾ .r/
4¼

Z

Ä0 D 4¼

I .r; s0; t/8.s0; s/ dÄ0 (1)

where the D symbol represents the substantial derivative. Equa-
tion (1) is based on the Lagrangian viewpoint. It is found that the
Lagrangian viewpoint can simplify the analysis of the time of � ight
of photon and allow the deduction of the domain of in� uence.2

8.s0; s/ is the scattering phase function. For isotropic scattering
8.s0; s/ D 1. Equation (1) reduces to

dI .x; y; z; s; t/

ds
D ¡·.x; y; z/I .x; y; z; s; t/

C ¾ .x; y; z/

4¼
G.x; y; z; t/ (2)

where G.x; y; z; t/ is the incident radiation or integrated intensity
de� ned as

G.x; y; z; t/ D
Z

4¼

I .x; y; z; s; t/ dÄ (3)

Following the procedure given in Ref. 2, Eq. (3) can be obtained as
an integral equation of the form

G.x; y; z; t/ D
Z

4¼

I .xw; yw; 0; s; t ¡ s=c/e¡·s dÄ

C 1

4¼

Z

4¼

µ Z s

0

¾ .x 0; y 0; z0/G.x 0; y0; z 0; t 0/e¡·.s¡s 0/ ds 0

¶
dÄ

D
Z Z

A.t/

I .xw; yw ; 0; s; t ¡ s=c/e¡· s

s2
cos µ dA

C 1

4¼

Z Z Z

V .t/

¾ .x 0; y 0; z0/G.x 0; y0; z 0; t 0/e¡· .s ¡ s 0/

.s ¡ s 0/2
dV (4)

Fig. 1 Geometry and coordinate system.

Equation (4) is a Volterra integral equation of the second kind.
For anisotropicscatteringphase functionadditionalvolume integral
terms that contain the higher moments of intensity will appear on
the right-handside.The integrated intensityG.x; y; z; t/ at location
(x; y; z/ and instant t dependson the entire time history from t 0 D 0
to t during which the radiation � eld in the medium is established.
The solution requires the knowledge of the integrated intensity in
different location (x 0; y 0; z0/ and at different time t 0; G.x 0; y 0; z0; t 0/,
within the region of z0 > 0 and z0 < ct-(s ¡ s0/ if the irradiation is
along the z axis. The domain of in� uence or the domain of integra-
tion is a time- and position-dependentparaboloid, and the detailed
derivationis givenin Tan and Hsu.2 If theexternalirradiation,that is,
boundarycondition of a temporal step functionor a Gaussian pulse,
is speci� ed, then numerical quadraturecan be carried out to � nd the
solution of G . The numerical quadraturesdeveloped for solving the
steady-state radiation transfer equation, that is, the Fredholm inte-
gral equation of the second kind, can be used to solve the Volterra
integral equation, although some revisions are needed to consider
the domain of integration.

Numerical Quadratures
Discrete Rectangular Volume Quadrature

For thecomputationof G.x , y, z, t/ in Eq. (4) by theDRV method,
because t 0[ D t ¡ .s ¡ s0/=c] in the volume integration region is al-
ways smaller than t except the current location (x , y, z/ and the
G.x 0; y0; z0; t 0/ values at t 0 < t are known from the preceding time
steps, the G.x; y; z; t/ value can be obtained by discretizing the
equation and the summation of the � nite discretized terms. In the
DRV method the volume and surface integrationson the right-hand
side of Eq. (4) are constructed as

Z Z Z
K .s; s 0/F.s 0/ dV .s 0/ ¼

MVX

i D 1

K .s; s 0
i /F.s 0

i /1V .s 0
i / (5a)

Z Z
K .s; s 0/F.s 0/ dA.s 0/ ¼

MWX

i D 1

K .s; s 0
i /F.s0

i /1A.s0
i / (5b)

Mv is the number of volume elements enclosed within the domain
of in� uence. Mw is the number of surface elements enclosed within
the circle, which is the intersection of the domain of in� uence and
z D 0 plane. Both numbers depend on the current time and posi-
tion of interest because the domain of in� uence changes with time
and position. To avoid singularity in the kernel function K , each
volume is divided into subvolumes. In this one-dimensionalgeom-
etry two subvolumes are used. All subvolumes in a given volume
element have identical piecewise-constant radiative properties and
functionvalueof F . The DRV is a variationof thegeneralquadrature
method.19

In this study DRV method is applied to one-dimensional slab
geometry that has a 100-volume mesh.

YIX Quadrature
For theYIX method thevolumeandsurface integralsin Eq. (4) are

� rst written in distance-angularintegration forms using piecewise-
constant interpolation in the volume and surface elements.20

Z Z Z
K .s; s 0/F .s 0/ dV .s 0/ D

Z

4¼

d!

£
Z R.s;° /

0

exp

µ
¡

Z 0

0

·.s C ° t 0/ dt 0

¶
F.s C °t/ dt

¼
NwX

i D 1

Wi

Z R.s;° /

0

exp

µ
¡

Z 0

0

·.s C ° i t
0/ dt 0

¶
F.s C ° i t/ dt

(6a)
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Z Z
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Z

4¼

£ exp

µ
¡

Z t

0

·.s C ° t 0/ dt 0

¶
F.s C °t/ d!

¼
NwX

i D 1

Wi exp

µ
¡

Z t

0

·.s C ° i t
0/ dt 0

¶
F.s C ° i t/ (6b)

NW is the numberof angularordinatesor directionsfrompositions.
R.s; °/ is the line of sight distance from position s, along the ° di-
rection to the nearest boundary point of the domain of in� uence.
The determination of the angular directions and the corresponding
weight is given in the next subsection. The distance integrations
in Eqs. (6a) and (6b) use unevenly spaced integration points that
are distributed along the angular directions. The distance integra-
tion accuracy is controlledby the given � rst integrationpoint and is
unaffected by the radiation property distribution.The computation
steps are as follows: 1) provide an initial guess for G.x 0; y0; z 0; t 0/
at the location (x; y; z/ and instant time t on the right-hand side
of Eq. (4); 2) calculate integrals on the right-hand side by the YIX
quadrature because all of the G values in the volume integration
region are known except the value at the location (x; y; z/ and time
instant t ; 3) check to see whether the difference between the newly
calculatedG value on the left-handside of Eq. (4) and the preceding
value falls within the given convergencecriterion, and if not, repeat
the step 2 with the updatedG values; 4) with convergedG functions
in current time step, move forward to the next time step and repeat
step 1) until all time steps are calculated. Unlike the DRV method
the YIX method requires iterationat each time step and takes longer
computational time. The iteration is needed as the nearby integra-
tion points are most likely fall within the same volume element of
(x; y; z/, and therefore, the G functionsat these points are unknown
at thecurrenttime.By revisingthecode to identifyall of thesepoints,
much faster convergence can be achieved. It is not implemented in
this study, however.

YIX method is applied to a three-dimensional cubic medium.
The cube is divided into a 17 £ 17 £ 17 mesh, that is, Nxo D
Nyo D Nzo D 17, equal volume elements (1x D xo=Nxo; 1y D
yo=Nyo , and 1z D zo=Nzo/, and each volume element has
1V D 1x1y1z, where 1x; 1y, and 1z are element sizes along
x; y, and z coordinates,respectively.The time interval1t , which the
radiation takes to travel through the element thickness1z, is 1z=c,
where c stands for the propagation speed of the radiation in the
medium. At one time interval1t the radiationmoves the distanceof
1z.D c1t/. The total time step used in all calculations is Nto D 72.
Hence, the z coordinate of the element is z D .Nz ¡ 0:5/1z with
Nz D 1; 2; : : : ; Nzo and the local time is t D Nt 1t with Nt being the
number of time step.

Angular Quadrature or Discrete Ordinate Sets
Two discreteordinatessets were developedin the angularquadra-

ture of the YIX method. These are the asymmetric spherical ring
and the symmetric slice sets. It should be emphasized that the main
purposeof these sets is to generate arbitrarilylarge number of angu-
lar directions.Although the re� ection and rotation symmetry might
not be preserved,21 for a very large number O.104/ of angular di-
rections the symmetry requirement can be approximately satis� ed.
The details of generating the discrete ordinates are given here:

Asymmetric spherical ring angular quadrature generation
(Fig. 2). 1) Generate an elementary basis area A0 on a unit sphere.
From the given input N , set an initial value for A0 D .¼=2N /2,
where N is the number of polar angle division of ¼=2 of the upper
hemisphere. Let this area be the small spherical cap area, and � nd
the corresponding polar angle spans the cap, that is, using the cap
surface area, formula: A0 D 2¼.1 ¡ cos µ/.

2)At µ D 0, setm D 1. In thisdirection,that is, the z axis, ³.1/ D 1,
».1/ D ´.1/ D 0, and W .1/ D A0 .

Fig. 2 Asymmetrical-spherical-ring angular quadrature. On the unit
sphere the associated solid angle for each direction is approximately
equal, that is, Ao ¼ Ai ¼ Al. On each spherical ring the solid angle or
area is exactly the same.

Fig. 3 Symmetrical-slice angular quadrature. Each slice of angular
directions is assigned to one compute node.

3) Divide the polar angle from µ to ¼=2 by N to obtain the new
polar angles µi D µ C .i ¡ 1

2 /.¼=2 ¡ µ/=N . For i from 1 to N , � nd
an integernumberof A0 that can be � t in the sphericalring strip, that
is, ni D INT(Asi=A0/, with As is the surface area of the spherical
ring that spans a � nite polar angle. Obtain the new basis area (or
weight) for each direction in the same ring by using Ai D Asi=ni .

4) In each spherical ring of Asi , divide the azimuthal angle from
0 to 2¼ by ni to obtain successive azimuthal angles Ái; j . From the
� rst angular direction the direction cosines ».m/; ´.m/, ³.m/ and
weights W .m/ are generated while incrementing m D m C 1.

5) After the upper-hemisphere angular directions are generated,
the lower-hemisphere directions can be mirror mapped by setting
³.M C m/ D ³.m/ while keeping x- and y-component direction
cosines and the weight the same. The total number of angular di-
rections is 2M [»4¼=.¼=2N /2 D 16N 2=¼].

Symmetric slice angular quadrature generation (Fig. 3). 1) On
a unit sphere divide the 2¼ azimuthal angle by p (an input, which
is same as the processor number p/. At each azimuthal angle Á j

imagine a knife cuts through the sphere to form a slice, as shown in
Fig. 3.

2) At µ D 0, set m D 1. The � rst direction will be along the Cz
axis, ³.1/ D 1; ».1/ D ´.1/ D 0, and W .1/ D A0 . The last direction
will be the opposite of the � rst one.

3) At each azimuthal angle position Á j or along the cut, divide
the polar angle from µ to ¼=2 by N (an input) to obtain new polar
angles µi D µ C .i ¡ 1

2 /.¼=2 ¡ µ/=N .
4) The direction cosines and weight (the correspondingspherical

surface patch area) can be determined from (µi ; Á j /. The lower-
hemisphere directions are again the mirror images of the upper-
hemisphereones. The total number of directions is 2M D 2pN C 2.

In this angular quadrature set the axis of symmetry of all angular
directions aligns with the direction of external irradiation (z axis).
In comparison,ASR set has nearly uniform weight in all directions,
but the SS set weight will gradually increase from a very small
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value near the axis of symmetry direction to a larger value at the
orthogonal direction. Therefore, the directions concentrate along
the z axis. Obviously, the closely spaced directions at smaller µi

will help little to gain solution accuracy, unless there is ray effect
along the z axis direction. However, the approach greatly simpli� es
the quadrature set generation and allows very good load balancing,
which is discussed in the next section. The SS set is identical to
the polar/azimuthal angular discretizationused in the � nite volume
method.

Parallel Computing Algorithms
The parallel computer architecture used in this study is simply a

collectionof computerswith commodityprocessorsand partswork-
ing together to solve a problem ef� ciently and in less time and less
cost. The codingis basedon the single-programmultiple-datamodel
and using message-passing-interface (MPI) library. MPI is one of
the two commonly used standard libraries to achieve paralleliza-
tion. The system consists of one root or head node and many slave
or compute nodes. The communication among nodes, in this case,
is through a private, channel-bondedFastEthernet. A 48-node IBM
PC-based Linux cluster was installed and used in this study. This
system can be extended to 96 processors with dual processors in
each node. Currently, except the head node (a dual-processor IBM
Net� nity 4500R), only one processor is installed in each of the com-
pute nodes. Each compute node is an IBMX330X-Series Pentium
III 866-MHz processor with 512 MB SDRAM. The total system
memory spaceis 24GB. The interconnectbetweennodesis channel-
bonded FastEthernet, that is, double bandwidth of 200 MB/s. The
job queuing is provided by the portable batch system OpenPBS,
which is built on top of the Maui job scheduler.The serial code was
modi� ed to run on the cluster by implementingMPI. Detailed hard-
ware and software con� guration information is given in the website
(http://olin.� t.edu/beowulf/). All parallel results are identical to the
serial solutions.

Another cluster that the authors used, but with limited access, is
a Compaq AlphaServer SC45, which is con� gured with 128 nodes
connected by a Quadrics high-speed interconnect switch (see data
online at http://www.quadrics.com/). Each node contains four 1-
GHz Alpha EV 68 processors and 4 GB of SDRAM. Other than
the processor, the notable differencefrom the Pentium cluster is the
Quadrics network. The network is rated at 340 MB/s (or 2.72 Gb/s)
bandwidth and 5-¹s latency for MPI messages. In comparison, the
FastEthernet used in the Pentium cluster has about 90-¹s latency.
It is found in this study that high-speed network has a signi� cant
impact on the parallel performance of the numerical quadratures.
The Alpha cluster was mainly used to determine the communication
performance of the algorithms. Most calculations were carried out
on the Pentium cluster.

Ef� ciencyand speedupforparallelalgorithmscan be measuredin
several ways.22 In the following are standard de� nitions for parallel
computing performance measurement: speedup Sp , ef� ciency E p ,
and communication penalty Cp :

Sp D wall (or execution) time using a single processor

wall time using p processors
(7)

E p D
Sp

p
(8)

C p D wall time using p processors
CPU time using p processors

(9)

In the precedingequationsthewall time equals the sum ofCPU time,
communication time, and idle time. With a well-balanced compu-
tation load among all compute nodes, the idle time in each node is
negligible. In such a case one can determine the differencebetween
wall time and CPU time to be the communicationtime and calculate
C p . This is shown in the parallelizationof DRV method that follows.
If the compute load is not very balanced, then the C p measurement
will be meaningless unless the idle time of each compute node can
be determined.

Fig. 4 One-dimensional geometry and three domains of in� uence
shown as parabolic curves that are corresponding to the positions: z1 <
z2 < z3 . The three domains are shown at the same time instant.

In some literature CPU time is used in Eq. (7). However, in order
to havea preciserepresentationof how longto completea computing
task with a given algorithm, the execution time should be used. An
inef� cient parallel algorithmmight have elongated the communica-
tion time and thereby slows down the computing task, even though
the Sp based on CPU time can still indicate good speedup.

Parallelization of DRV Method
There are a couple of ways to parallelize the right-hand sides of

Eqs. (5a) and (5b). One can always use spatial domain decomposi-
tion of the integrations. However, in this case it is not an ef� cient
or practical scheme because of the time- and position-dependent
DOI. Figure 4 shows, at a certain time step t , the integration do-
mains at three different positions: z1 , z2 , and z3 . Each curve rep-
resents a paraboloid. Apparently, it is not ef� cient if one chooses
to decompose the z-domain, as this would have led to using either
uneven z-domain decomposition to achieve even workload or uni-
form z-direction decomposition to have uneven workload. Neither
strategy is favorable.

Consideringthe natureof DOI, the parallelizationstrategyused in
the DRV method is then developedas the following: each processor
has exactly the same information needed for the integration of the
right-handside ofEq. (4). During the integration,the time-marching
step is at the outer loop. Because the integrationof the current time
step depends on the solutions at the preceding time steps, there-
fore time-loop parallelization is impossible. The z-direction and
r -direction integrations are nested inside the time loop, with r di-
rection as the innermost loop. It was determined the ef� cient way
for parallelization is to decompose the r domain. As each proces-
sor contains all of the independent variables information, that is,
G.z; t/, there is no need for message passing in the integration of
Eq. (5) at each time step.At the end of each time step, the segmented
r -integrationresultsare sharedamongall computenodes.Each node
then contains the updated G.z; t/, and the same integration scheme
was repeated for the next time step. This can result in redundant ac-
curacy when DOI is small, for example, the one related to position
z3 in Fig. 4. However, the advantage is that identical compute load
for each node can be achieved, and only minimum amount of com-
munication is needed. This allows very good parallel performance.
The parallelizationscheme is not an SDD, as the physicaldomain in
z direction is not decomposed. The r-direction decomposition can
be considered a special variation of SDD.

Parallelization of YIX Method
Spatial domain decomposition is neither appropriate nor neces-

sary for YIX quadrature as this method uses very small amount of
system memory. Therefore, G.x; y; z; t/ information is stored in
all compute nodes. For the numerical quadrature of the right-hand
sides of Eqs. (6a) and (6b), the logical treatment is to divide up the
NW angular directions by the number of compute nodes. The an-
gular quadrature decomposition scheme was used on two different
angular quadraturesets: the ASR set (Fig. 2) and the SS set (Fig. 3).
Three-dimensional geometry was used to illustrate the paralleliza-
tion strategy and performance. In the case of collimated laser pulse
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irradiation into the medium, the pulse direction is along the z-axis
direction as shown in Fig. 1.

Asymmetric Spherical Ring Angular Quadrature Decomposition
The � rst angular directionpoints toward the positive z-axis direc-

tion. The angulardirections in the next sphericalrings are numbered
sequentially.The direction numbering proceeds to the next ring, so
on and so forth. The last angular direction points toward the nega-
tive z axis. Based on the number of compute nodes to be used, the
angular directions are allocated accordingly. For examples, if 222
angular directionsare decomposedinto 8 computenodes then in the
� rst 7 nodes each will have 28 directions,and the last compute node
has the last 26 directions.

Symmetric Slice Angular Quadrature Decomposition
In this case because the number of “slices” (Fig. 3) is divisibleby

the number of compute nodes, the AQD can be easily achieved by
allocatingoneormore slicesof angulardirectionsto eachnode.Each
compute node has exactly the same number of angular directions.
This ensures balanced load with symmetric geometries.

In the cases that arbitrary physical geometry is of interest, then
ASR decomposition is preferred for its tendency to reach more
balanced computational load. This will be discussed in the next
section.

Results and Discussion
The coordinate system is shown in Fig. 1. The external irradi-

ation is applied at z D 0, the bottom surface. In the case of one-
dimensional slab geometry (Fig. 4), the left boundary is at z D 0,
and the right boundary is at z D zo. The problems to be solved are
the one-dimensionalcase A3 given in Hsu23 and three-dimensional
nonhomogeneouscase 3 in Tan and Hsu.3 The detailedproblem de-
scriptions and serial code solutions can be found therein. Because
this study is aboutparallelcomputingperformance,the solutionsare
not repeated here. Unless noted, all reported results were obtained
from the Pentium cluster.

DRV Method in One-Dimensional Geometry
The parallel performance of DRV method is given in Table 1.

The CPU time reduces nearly by half when the processor number
doubles. Besides, the CPU time reported from each processor is
nearly identical, which indicates balanced computing load. As the
processor number increases from 16 to 32, the wall time does not
decrease as does the CPU time; on the contrary, the wall time in-
creases slightly. This can be explained by the large increase in the
communication time (Dwall time – CPU time) as given in Table 1
and shown in Fig. 5. The corresponding effect is also observed in
Sp and E p . C p data indicate a large communicationpenalty when p
increases to 32. Apparently, for the DRV method a communication
bottleneckexists when more than 16 processorsare used in the Pen-
tium cluster,as indicatedby the suddenincreaseof C p from 16 to 32
processors. Beyond 16 processors, the speedup does not increase,
and parallel ef� ciency drops to a very low value.

Figure5 clearlydepictsthe increaseof communicationtime when
p > 16. The bottleneck is produced by the simultaneous message
passing at the end of each time step when every compute node is
sending the partial integratedresult to be shared with all other com-
pute nodes. Because of the even computing load, the initiation of

Table 1 Parallel performance of one-dimensional DRV method

CPU Wall Communication
p timea time time Sp E p C p

1 282.02 282.59 N/A 1 1 1
2 135.50 140.60 5.10 2.01 1.00 1.04
4 69.22 77.90 8.68 3.63 0.91 1.13
8 36.35 51.05 14.70 5.54 0.69 1.40
16 20.17 39.91 19.74 7.08 0.44 1.98
32 13.14 40.27 27.13 7.02 0.22 3.06

aAll reported times are given in seconds.

Fig. 5 Parallel performance of DRV quadrature decomposition.

message passing almost occurs at the same time. The situation re-
sults in the communicationcontention.22 The problem can be reme-
died by using very low latency, high-speed inter-nodenetwork. The
same parallel code was also run on the Alpha cluster with Quadrics
network.The resultson the Alpha cluster show negligibledifference
between wall time and CPU time, that is, the communication time
is very small. Therefore, for the same parallel algorithm the parallel
performance measurements are far superior to those based on the
Pentium cluster.

The results demonstrate that DRV with the special integration
domain decomposition, not the typical SDD, can led to very good
parallel performance if a low latency network interface is used in
the cluster. It was determined that parallelization of an existing
three-dimensional DRV code3 would have led to similar parallel
performance as in the one-dimensional case. Therefore, the paral-
lelization of DRV method in three-dimensional geometry was not
conducted.

YIX Method in Three-Dimensional Geometry
Besides the full-domain calculation, because of the geometrical

symmetry in the cubicalmedium, one-eighthof the physicaldomain
was also used in the computation to save the computation time. The
computational times for full- and partial-domaincomputationwere
recorded. Although partial-domain computation did save time, the
parallel performance, however, was slightly inferior to or worse
than that of the full-domain computation, depending on the type of
angular quadrature used.

Figure 6 shows the full- and partial-domain wall and averaged
CPU times with differentprocessornumber. The asymmetric spher-
ical ring angular quadrature decomposition is used. The CPU time
is the averaged time from all processors.The correspondingparallel
ef� cienciesare also plotted.As the processornumber is greater than
16, the E p drops below 50%. The time differencebetween wall time
and CPU time increases very quickly from two to eight processors
and then stays relatively constant up to p D 32. The time differ-
ence includes the communicationtime and idle times from compute
nodes. Although the E p based on the wall time is not ideal, it is
noted that the averaged CPU time does reduce nearly by half as the
processor number increases by a factor of 2.

In Fig. 7 the same problem was solved with symmetric-slice an-
gular quadrature decomposition. The difference between the wall
time and averaged CPU time is smaller than that in the asymmetric-
spherical-ring angular quadrature case. Most notably, although the
E p also decreases with increasing processor number the rate of de-
crease is slower. For example, at p D 16 the E p is about 61% for
both full and partial domain SS decomposition. But for the ASR
case, the E p is only about 53%.

In the same SS case the 1
8
-domain computation E p decreases at

a slightly higher rate than that of the full-domain computation.The
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Fig. 6 Parallel performance of asymmetric-spherical-ring angular
quadrature decomposition.

Fig. 7 Parallel performance of symmetric-slice angular quadrature
decomposition.

difference can be explained with the angular direction distribution
and the R.s; °/ in each direction as shown in Fig. 8, which is a
view in the x–y plane. Consider position r inside the 1

8
domain,

shown as 1ABO; the symmetric slices are uniformly distributed
in four quadrants. Four lines represent the slices: 1, 2, 3, and 4.
The angular directions in slice 3 in the lower-right quadrant always
have the longest R.s; °/, and angular directions in slice 1 in the
upper-left quadrant have the shortest R.s; °/. The line integration
along the angular directions in slice 3 will always take a longer time
than the slices in the other threequadrants.This leads to unbalanced
computing load. In fact, at a large processor number, the standard
deviation of the CPU time is about 20% of the averaged CPU time.
This indicates uneven computing load. In comparison, for the same
SS decompositionwith full-domain computation the standard devi-
ation is about 2.5% of the averaged CPU time. Therefore, although
1
8 -domain computation does save overall CPU time the parallel ef-
� ciency is worse than that of the full-domain computation.

In the case of ASR decomposition, the partial-domain computa-
tion maintains similar parallel ef� ciency as the full-domain com-
putation. Again, this can be explained by the way the angular di-
rections are being divided up among compute nodes in the ASR
decomposition:each compute node takes the same number of angu-
lar directions, and these directions have no dominant orientationas
in the case of SS quadrature. The standard deviation of CPU time

Fig. 8 Distribution of symmetric-slice angular directions in 1
8 -partial

domain computation.

Fig. 9 Asymmetric spherical-ring angular quadrature decomposition
with CPU time distribution.

is 3.5% of the averaged CPU time for full-domain computation and
4.3% for 1

8
-domain computation. Because of the same reason, the

parallel ef� ciencies of ASR full- and partial-domain computation
are about the same (Fig. 6). It is thus concluded that for full-domain
computation SS decomposition achieves better load balancing. For
partial-domain computation ASR decomposition maintains a bet-
ter load balancing. The latter conclusion is also applied to solution
involves with arbitrary geometry.

To understand the parallel ef� ciency difference between ASR
and SS decompositions, the CPU time distributionsof full-domain
computation are plotted in Figs. 9 and 10. The CPUC curve is the
average CPU time adding one standard deviation of the CPU time
distributionat the givenprocessornumber.Similarly, the CPU-curve
is the average CPU time subtracting one standard deviation. For
all processor numbers ASR decomposition clearly leads to wider
variation of CPU time, that is, not very balanced computing load,
compared with the SS decomposition.Thus, the parallel ef� ciency
of ASR decomposition is not as good as the SS decomposition.

Unlike the one-dimensional DRV performance shown in Fig. 5,
the message transmission contention is unlikely to occur as each
node completes its calculationat a different time and therefore initi-
ates transmissionat different time accordingly.It was suspectedthat
the large time differencebetween wall time and averaged CPU time
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Fig. 10 Symmetric-slice angularquadraturedecompositionwith CPU
time distribution.

Fig. 11 Measured communication time follows the message propaga-
tion down a binary tree of compute nodes; p is the number of compute
nodes or processors.

was caused by the network transmission. However, a closer exami-
nation of the actual network communication time (up to 416 s at 32
processors) reveals that the communication time alone will not ac-
count for the larger time difference (about 1280 s at 32 processors).
Figure 11 shows that the accumulated communication time follows
exactly the MPI ALLREDUCE call’s transmissionpattern,which is
a binary tree-structuredprocess.22 Such a process has communica-
tion time proportional to the tree nodes in the form of INT(log2 P/.
The time difference was mainly caused by the idling compute
nodes.

The average CPU time in both ASR and SS decompositions
scales up very well with the processor number. Similar to the one-
dimensional computation, the three-dimensional AQD algorithms
were also run on the Alpha cluster, and the time differencebetween
the wall time and CPU time was much smaller. The parallel ef� -
ciency is much better than that in the Pentium cluster. Both AQD
algorithms are considered to be suitable for parallel computing.

Conclusions
Two parallel strategieson simulating transient radiative transport

process were developed. One is based on the discrete rectangular
volume method and uses integral domain decomposition.The other
is based on the YIX method and uses angular quadrature decom-
position. Their respective parallel performances are demonstrated

and discussed.The decompositionof integrationdomain, not phys-
ical domain, results excellent load balancing in DRV method. The
speedupincreasesup to 16 processorsand then decreasesbecauseof
the increasingcommunicationcontention.However, the DRV paral-
lel algorithm achieved excellent speedup with a low latency intern-
ode network.For YIX method two discreteordinate angularquadra-
ture sets were developed:asymmetric spherical ring and symmetric
slice. These sets can generate arbitrarily large number of angular
directions. The use of large-order angular quadrature sets in con-
junction with the integral equation model avoids the dif� culties of
applying angular quadraturedecompositionparallelizationwith the
conventionaldiscrete ordinate sets in the large scale simulations. In
a symmetric geometry asymmetric-spherical-ring angular quadra-
ture decomposition can maintain consistent parallel ef� ciency and
balanced load for both partial- and full-domain computations. On
the other hand, the symmetric-slice angular quadraturedecomposi-
tionachievesa higherparallelef� ciency in full-domaincomputation
becauseof better load balancing.However, the partial-domaincom-
putation does not have balanced load because of the distribution of
the angular directions. In all calculations it is found that the low la-
tency, high-speed interconnectwithin the cluster has a great impact
on the parallel performance of the integral equation model used in
this study.
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